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ABSTRACT

We consideiiterative subspace Wiener filtersfor solving
minimum mean-squared error and minimum variance un-
biased estimation problems in low-dimensional subspaces.
In this class of subspace filters, theonjugate direction
and multistage Wiener filters comprise two large sub-
classes, and within each of these the conjugate gradi-
ent and orthogonal multistage Wiener filters are the most
prominent. We establish very general equivalences be-
tween conjugate direction and multistage Wiener filters,
wherein the direction vectors of a conjugate direction filter
and the stagewise vectors of a multistage filter are related
through a one-term autoregressive recursion. By virtue of
this recursion, the expanding subspaces of the two filters
are identical, even though their bases for them are dif-
ferent. As a consequence, their subspace Wiener filters,
gradients, and mean-squared errors are identical at each
stage of the subspace iteration. If the conjugate direc-
tion filter is a conjugate gradient filter, then the equivalent
stagewise filter is an orthogonal multistage filter, and vice-
versa. If either the conjugate gradient filter or the orthog-
onal multistage filter is initialized at the cross-covariance

vector between the signal and the measurement, then each filter was discovered by Goldstein in 1998 [2].

of the subspace filters iteratively turns out a basis for a
Krylov subspace.
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1. INTRODUCTION

Rank-reduction is now an important element of many sig-
nal processing algorithms that aim to reduce the dimension
of a measurement space in advance of detection, estima-
tion, classification, beamforming, or spectrum analysis. The
idea, in theanalysisstage, is to linearly resolve a measure-
ment onto a sequence of expanding subspaces, until a sat-
isfactory trade-off has been achieved between the increased
bias and reduced variance associated with rank reduction.
If the linearly resolved measurements have a simple cor-
relation structure, then the implementation of the reduced
dimension filter in thesynthesistage will be efficient.

This paper is addressediterative subspace Wiener fil-
tersfor solving minimum mean-squared error and minimum
variance unbiased estimation problems in low-dimensional
subspaces. In this class of subspace filters ctirgugate
direction and multistageWiener filters comprise two large
subclasses, and within each of these the conjugate gradi-
ent and orthogonal multistage Wiener filters are the most
prominent.

The conjugate gradient algorithm for iteratively solv-
ing quadratic minimization problems was discovered by
Hestenes and Stiefel in 1952 [1], and the multistage Wiener
In spite
of the fact that there is no essential difference between
guadratic minimization, the solving of linear systems, and
Wiener filtering, the connection between conjugate gradi-
ent algorithms and multistage filtering was not made un-
til Weippert and Goldstein recognized in 2001 a connec-
tion between conjugate gradients and orthogonal multistage
Wiener filters [3, 4]. This insight was based on work by
Honig, Xiao, Yohan, Sun, Zoltowski, and Goldstein, sub-
sequently published in [5, 6, 7, 8], regarding the Krylov
subspace underlying the multistage Wiener filter. Further
connections were reported by Zoltowski in his 2002 tutorial
[9].

Our first aim in this paper is to further refine what is cur-
rently known about connections between conjugate gradient
and multistage Wiener filters, by appealing to fundamental
insights in least squares filtering. In so doing we further
clarify the sense in which conjugate gradient and multistage
filters are compelling, rather than ad hoc, realizations of it-



erative filters. with minimum valuer,, — r*R~1r at the Wiener solution
Our second aim is to enlarge our understanding of Rw = r. This is a consequence of the principle of or-
iterative subspace filtering by showing that there is an thogonality, which say#[y(z — w*y)*] = » — Rw = 0.
even larger class of equivalences, of which the equiva- This is the way a filtering theorist describes the filtering ex-
lence between conjugate gradients and orthogonal multi-periment. An optimization theorist would say the problem
stage Wiener filters is only a special case. That is, for everyis to minimize the quadratic functio(w), whose gradi-
conjugatalirectionfilter there is an infinite family of equiv-  ent isy(w) = VQ(w) = Rw — r, and whose Hessian
alent multistage filters, and conversely, for every multistage is V?Q(w) = R > 0, meaning the minimum is achieved
filter there is an infinite family of equivalent conjugate di- where the gradient i8, namelyy(w) = Rw —r = 0. So a
rection filters. The fact that a multistage Wiener filter has zero gradient plays the same role in optimization theory as
a conjugate direction implementation, or vice-versa, is just the principle of orthogonality plays in filtering theory.
a consequence of the autoregressive connection between
stagewise filters and conjugate directions. If the stagewise 3. |TERATIVE SUBSPACE WIENER FILTERS
filters are orthogonal, and they are initialized at the cross-
covariance vector between the signal and the measuremeniThe framework for our discussion dferative subspace
then they are an orthogonal basis for a Krylov subspace.Wiener filtersis this. The complex scalar is a ran-
The equivalent conjugate direction filter is then a conjugate dom variable to be estimated from the complex vector of
gradient filter whose direction vectors are a nonorthogonal measurementyy € C". These measurements are a ba-
(but conjugate with respect to the covariance matrix) basissis for the subspacé)) = (y1,¥2,---,v.), and any lin-
for the same subspace. Conversely, if the conjugate direcear estimate ofc will lie in this subspace. Let us sup-
tion filter is a conjugate gradient filter, then its equivalent pose that we approach the filtering or optimization problem
multistage filter is orthogonal. Both turn out a basis for the by first resolving the measurements onté-dimensional
Krylov subspace, assuming the conjugate gradient filter isbasis A, = [a1, a2, ...,ax] to produce the coordinates
initialized at the cross-covariance. u = A}y = [u1,us,...,ux]’. The trick is to determine
It is worth emphasizing that our arguments are based en-an algorithm for expanding this subspace in such a way that
tirely on the algebraic structure of iterative subspace Wiener (u) is near to(y) and the covariance matrix of € C* is
filters, with no appeal to specific algorithms for computing easy to invert.

conjugate direction or multistage vectors. The variablegz, u) share the composite covariance ma-
trix
R |Tes r* Ay
2. FILTERING AND QUADRATIC MINIMIZATION WO Agr A RA

From this second-order description of the composite vector

The problem of minimum mea_n-squared error estimation is we may write the mean-squared error of estimatirfgom
this. The complex scalar € C is a random variable to be  *,, a5

estimated from the complex vector of measurements,

C". We shall assume that the signaind measurement 2Q(v) = Ellx—v*ul?
share the composite covariance matrix = Tpp — 1 AR — v Afr + v AL RARv

. = Tup — T AR(AFRAL) T A

R,. = [Tiz H : + [v* — r* AR(AfRAL) AL RA,,
[0 — (AL RA) " Afr],

wherer,, = E[mi]1 c R* is the scalar' variance of, with minimum valueQ, = ry, — " A (AL RA,) 1ALy
r = Elyz”] e*C” is TEh_e vector covariance dfr,y),  at the Wiener solutio{AZRA)v, = Air. This is a
andR = Efyy*] € C"*" is the matrix covariance of. consequence of the principle of orthogonality, which says
Throughout, we shall use superscriib denote Hermitian Elu(z — viu)*] = Ajr — A{RAwv, = 0. But Aguy, is
transpose. just wy, meaning this orthogonality condition may also be

From this second-order description we may write the \ritten as
mean-squared error of estimatimdrom w*y as . .
Ak(T — ka) = —Ak’}/lﬁq = 0,
2Qw) = Ellr—wyl’] whereye1 = v(wy,) = Rwy — r = RApvg — r is the
= Tgp — 1w —w'r+w*Rw gradient ofQ(wy). This orthogonality may be iterated to

Fow — T* Ry derive the important result that

= R Rl — R, AT = C.



whereT'y, = [y1,72, - .-, 7] IS the matrix of gradients and  are R-conjugate. The resulting iterative Wiener filter may
C}, is a lower triangular matrix. then be synthesized in a forward synthesis, and error for-

The importance of this formula is the following: no mulas are continued sums, a fact that is obvious, but not
matter how the coordinate syster), is chosen, its basis derived in this paper.

will be orthogonal to the current gradieft;1 = y(wy) at When we talk about a multistage filter we say the anal-
wy = Avg, and all future gradients. Thus, as long as the ysis stage consists of thaultistage vectorsd, = G, =
current gradient is non-zero, the subspéeg;, yx+1]) will [91,92,--.,9k], Whereg; € C™ A multistage Wiener

continue to expand in dimension, as a direct sum of the sub-filter is an iterative subspace Wiener filter in which the
spaceg Ay) and (yx+1). Thus, there is a clear suggestion coordinates of the original measurement in the multistage
that as new coordinates of the foray 1 = [Ax,ag1] subspace artridiagonally correlated That is, E[uu*] =

are built, the old coordinated; and the gradienty; E[Giyy*Gy] = GiRGy, = Ty, whereTy, is tridiagonal*

are compelling candidates in this expansion. Moreover, if The resulting iterative Wiener filter may then be synthesized
Ay, is a basis for the Krylov subspa¢&.), where K = in a backward synthesis, and error formulas are continued
[r, Rr, ..., R¥=1r] is the Krylov matrix of Krylov vectors,  fractions, a fact that is almost obvious, but not derived in
then~y.1 = RAivr — r is a linear combination of the  this paper.

Krylov vectors[K}, R¥r] and Ay, vi41] is a basis for the Our aim is to show that for every conjugate direc-
Krylov subspac€ Kj.1). By choosinguy = 0, in which tion Wiener filter there is a family of equivalent multistage
casewy = 0, 1 = r, anda; = 71, thenA; = r and the Wiener filters, and vice-versa. Because of the autoregres-
induction argument is initialized. Moreover, the baBjs sive recursion that will connect the conjugate direction vec-

will be anorthogonalbasis for the Krylov subspadd(;). tors to the stagewise vectors, the two implementations will
What makes this argument go is the fact that= A, vy, share a common expanding subspace. Thus neither can out-
the suboptimum Wiener filter in the original coordinate sys- perform the other. Generally the underlying subspace is not
tem, is computed from the optimum Wiener filtgr in the Krylov, so the motivation to design something other than
coordinate system,. a standard conjugate gradient or orthogonal multistage filter

Thus, every subspace Wiener filter that is initialized at is to construct an expanding subspace that is better matched,
the one-dimensional subspagé and expanded usingalin-  for & < n, to the optimum Wiener filter than is the Krylov
ear combination of the current subspace and current gradi- space. If the conjugate direction filter is a conjugate gradi-
ent, will turn out an orthogonal basis for the Krylov sub- ent Wiener filter, and its corresponding multistage Wiener
space. This conclusion has nothing whatsoever to do withfilter is orthogonal, then both are stuck in the Krylov sub-
the actual algorithm used. Thus, this Krylov property is not space.
peculiar to any particular algorithm for designing subspace
Wiener filters.

To this point we have required nothing special about
the coordinate system;, and its corresponding filters The idea behind any conjugate direction algorithm is to
{a;}¥. Consequently, nothing special can be said aboutforce the coordinates to be uncorrelated. That is,
the Wiener filtersw, = Agvr = Ar(A;RAg)TAsr,
the gradientsy, = Rwj, — r, or the mean-squared errors D;RD; = Xji:diagonal
Qr = Toz — T*Ak(AZRAk)*lAZT’. Moreover, there is, D;Ty C,: lower triangular
as yet, no indication of how these may be computed itera-
tively. It is worth emphasizing, however, that any two iter- wherel', is the matrix of gradients an@}, is a lower tri-
ative subspace Wiener filters whose analysis filters span theangular matrix. Now suppose the filters, are defined ac-
same subspace are identical, meaning their gradients, andording to a first-order autoregressive recursiopB; =
mean-squared errors are identical. Gy, for some arbitrary upper bidiagona. These filters

define the multistage Wiener filter

4.1. Conjugate direction and multistage Wiener filters

4. ALGEBRAIC EQUIVALENCES GZRGk _ BkEiBZ = Ty tridiagonal
* _ . .
When we talk about a conjugate direction filter, then we say Gil'w = ByCy: lower triangular
the analySIS stage consists of thieection ve.ctorsAk. = 1The perceptive reader will have noticed that all iterative subspace
Dy, = [dy,ds,...,d;] whered; € C™. A conjugate direc-  Wiener filters are “multistage,” meaning that the language here is impre-
tion Wiener filter is an iterative subspace Wiener filter in cise. Ideally we would prefer to use the term “multistage Wiener filter”

which the coordinates of the original measurement in the for t‘he"entlre“ c‘Ia‘ss of |ter§it|ve_ flltners, and reserve the terms dlaggnal di-
rection” and “tridiagonal direction” for what are currently called conjugate

direction subspace anencorrelated That is, E[UU*] = direction (R-diagonal) and multistageR¢tridiagonal) Wiener filters. But
E[D;yy*Dy] = D;RD;, = X3, and we say the directions  this would require a rewriting of history.




The arbitrary choice oBj, indicates that there are infinitely
many multistage Wiener filters that are equivalent to the
given conjugate direction algorithm.

Conversely, suppose we start with a multistage Wiener
filter

GiRG),
GiTy

Ty = ByX3B;: tridiagonal
B Cy: lower triangular

where B,¥2B; = T}, is a bidiagonal-diagonal-upper-
bidiagonal factorization of the tridiagonal matrt. De-
fine the filtersD;, according to the first-order autoregressive
recursionD; B = G}. These filters define a conjugate
direction Wiener filter

D;RDj,
DT,

»2: diagonal
Cy: lower triangular

This conjugate direction Wiener filter is in turn equivalent
to an infinite family of filters related through scaling of each
multistage vector.

In summary, for every conjugate direction Wiener fil-
ter there is a family of equivalent multistage Wiener filter,

Conversely, suppose we start with an orthogonal multi-
stage Wiener filter

GiRGy = T, = ByXiB;: tridiagonal
GGy diagona)
GiT'x = ByCy: lower triangular

and define the direction vectol3; B; = Gj. Then these
directions define a conjugate direction algorithm:

D;RDy
DiTy,

¥%: diagonal
Cy: lower triangular

Both G, andT';, are a causal basis fd#;;), meaning
thatGy = I', Uy, whereUy, is upper triangular. Thus,

GG} diagonal Gy Uk

By CUy: lower-times-upper

We deduce from this thdf; and B, C}, are diagonal. This
meansz, = 'y Ay, whereAy is diagonal. Thus the conju-
gate direction algorithm is a conjugate gradient algorithm.
In summary, any orthogonal multistage Wiener filter
determines an equivalent conjugate gradient Wiener filter

and vice-versa. They share common filters, gradients, andwhose filters, gradients, and mean-squared errors are the
mean-squared errors, but nothing special may be said aboutsame as for the orthogonal Wiener filter. The gradients are
these gradients or subspaces, except that they are commonwithin a diagonal matrix of the orthogonal multistage vec-

4.2. Conjugate gradient and orthogonal multistage
Wiener filters

If the direction vectorsD, are computed according to the
conjugate gradient algoritthD, B} = I';,, whereB* is an
upper bidiagonal matrix, then the gradients are orthogonal
and they tridiagonaliz&:

IRy
T,

ByY2 B; = Ty: tridiagonal
By, D;I'j: diagonal

The orthogonality of the gradient matrix, follows from
the fact thatB;, and D;I';, are lower triangular, as is their
product, and the only Hermitian lower triangular matrix is
diagonal. We may follow the argument of [11] to show that
T’y is an orthogonal basis for the Krylov subspdég; ).

In summary, any conjugate gradient Wiener filter de-
fines an equivalent orthogonal multistage Wiener filter
whose filters are7;, = I'y, whose gradients ar€',, and
whose mean-squared error is the same as for the conju-
gate gradient Wiener filter. Both filters turn out a basis for
the Krylov subspacé(;, provided the conjugate gradient
Wiener filter is initialized at the cross-covarianece

2We call a conjugate direction algorithmaanjugate gradientlgo-
rithm if the current direction vector is a linear combination of the current
gradient and the previous direction vector. This slightly generalizes the
standard definition (e.g., [10]).

tors (i.e., each multistage vector is a scaled gradient). Both
filters turn out a basis for the Krylov subspakg, provided

the orthogonal multistage Wiener filter is initialized at the
cross-covariance.

5. CONCLUSIONS

Our conclusions are the following:

e For any iterative subspace Wiener filter, the subspace
Aj, of dimensionk is orthogonal to the current and
future gradient$yxy1, Y42, - - - 7). This is the or-
thogonality principle at work.

Any subspace expansion in an iterative subspace
Wiener filter that uses the direct sum of the past sub-
space and the current gradient turns out an orthogo-
nal basis for the Krylov subspace, assuming the algo-
rithm is initialized at the cross-covariance vector.

For every multistage Wiener filter there is a family
of equivalent conjugate direction Wiener filters, with
identical subspaces, gradients, and mean-squared er-
rors. And vice-versa.

For every orthogonal multistage Wiener filter there is
a family of equivalent conjugate gradient Wiener fil-
ters, with identical subspaces, gradients, and mean-
squared errors. And vice-versa.



¢ If an orthogonal multistage Wiener is initialized at the Array and Multichannel Signal Processing—6 Au-

cross-covariance, then it and its equivalent conjugate gust, 2002.
gradient Wiener filter turn out the Krylov subspace. . )
And vice-versa. [10] E. K. P. Chong and S. HZak, An Introduction to Op-
timization, Second Editiodohn Wiley and Sons, Inc.,
All of these conclusions extend to matrix iterative sub- New York, NY, 2001.

space Wiener filters for estimating vectarg C™*!. They
should extend to iterative submanifold Wiener filters for
estimating with respect to norms on manifolds, and they
should extend to (true) iterative subspace Wiener filters for
estimating time- or space-series, rather than scalars or vec-
tors.

[11] G. H. Golub and C. F. Van LoariMatrix Computa-
tions The Johns Hopkins University Press, Baltimore,
MD, 1983, p. 324.
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