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1. INTRODUCTION 

One o f  t he  major  i ssues  i n  t h e  development of a D i s c r e t e  Address Beacon System 

(DABS) f o r  s u r v e i l l a n c e  o f  a i r  t r a f f i c  i s  t h a t  o f  c o m p a t i b i l i t y  w i t h  t h e  p resen t  

s u r v e i l l a n c e  system, t h e  A i r  T r a f f i c  Contro l  Radar Beacon System (ATCRBS) 

which operates on separate u p l i n k  and downlink f requenc ies  o f  1030 and 1090 MHz, 

r e s p e c t i v e l y .  

ATCRBS t o  DABS transponders, t h e r e  w i l l  be a s i g n i f i c a n t  p e r i o d  o f  t ime  i n  

which DABS and ATCRBS w i l l  have t o  co -ex i s t .  

c a p a b i l i t y  i n t o  bo th  a i r b o r n e  and ground DABS equipment t o  accommodate a gradual  

e v o l u t i o n  t o  a DABS. 

DABS use o f  t h e  ATCRBS f requencies i n  o rde r  t o  a l l o w  maximum shar ing  o f  bo th  

a i rbo rne  and ground equipment f o r  design economy. 

Since the  a i r c r a f t  p o p u l a t i o n  w i l l  take  years  t o  conver t  f rom 

It i s  d e s i r a b l e  t o  b u i l d  ATCRBS 

It i s  thus reasonable t o  i n v e s t i g a t e  t h e  p o s s i b i l i t y  o f  

The problem t h a t  i s  i n v e s t i g a t e d  i n  t h i s  r e p o r t  i s  t he  s e n s i t i v i t y  o f  cand ida te  

DABS modulat ion systems t o  i n t e r f e r e n c e ,  e i t h e r  f rom ATCRBS o r  DABS t r a n s -  

missions, o r  as i s  l i k e l y  t o  a r i s e  f rom m u l t i p a t h  r e f l e c t i o n s .  

u l a r l y  i n t e r e s t e d  i n  assessing t h e  ques t ion  o f  s e n s i t i v i t y  o f  DABS o p e r a t i o n  

on ATCRBS f requencies.  Hence, t h e  performance o f  DABS candidate modulat ions 

a r e  analyzed f o r  t h r e e  types o f  environment: 

We a re  p a r t i c -  

( 1 )  A d d i t i v e  gaussian no ise .  

( 2 )  

( 3 )  

DABS-like i n t e r f e r i n g  waveforms w i t h  gaussian noise.  

ATCRBS i n t e r f e r e n c e  w i t h  gaussian noise.  

The th ree  modulat ion schemes t h a t  a re  analyzed a re  pu lse  ampl i tude modu la t ion  

on-off keyed (PAM), d i f f e r e n t i a l  phase s h i f t  keying (DPSK), and frequency s h i f t  
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keying (FSK).  

on the  bas is  o f  p r o b a b i l i t y  o f  e r r o r  per  b i t ,  P e / b i t  as a f u n c t i o n  o f  s i g n a l - t o -  

no ise and i n t e r f e r e n c e - t o - s i g n a l  r a t i o s .  

The performance o f  these t h r e e  modulat ion systems i s  compared 

U l t ima te l y ,  i t  i s  the  r e l i a b i l i t y  o f  coded message b locks  which i s  of i n t e r e s t ,  

b u t  the  c a l c u l a t i o n  o f  P e / b i t  i s  a necessary f i r s t  s tep  i n  o b t a i n i n g  message 

r e l i a b i l i t y .  

maximum 1 i k e l i h o o d  demodulat ions [l] f o l l o w e d  by the  optimum d e c i s i o n  s t r a t e g y  

( t h e  minimum e r r o r  r a t e  d e c i s i o n  s t r a t e g y ) .  A f a m i l i a r i t y  w i t h  the  papers by 

Ar thurs  and Dym [ Z ]  and S t e i n  [3] i s  assumed. 

I n  t h i s  r e p o r t ,  a n a l y t i c q l  expressions a r e  ob ta ined f o r  t h e  

A t  t h i s  p o i n t ,  we in t roduce  t h e  f o l l o w i n g  use fu l  i d e n t i t y  and n o t a t i o n :  

IDENTITY 

where 

-1 s i n  a + s i n  6 
8 = 8 - ~1 and 4 = t a n  cos a + cos 

I f  6 and a are  u n i f o r m l y - d i s t r i b u t e d  -IT t o  T, then 8 and + a r e  a l s o  u n f f o r m l y  

d i s t r i b u t e d  -IT t o  IT. 
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NOTAT I ON 

, -  

i n  

E i s  t h e  s i g n a l  energy 

i s  t h e  r a t i o  o f  t h e  i n t e r f e r i n g  pu lse  energy 
t o  t h e  s i g n a l  energy 

T i s  t h e  pu lse  d u r a t i o n  

N0/2 i s  t h e  double s ided w h i t e  no ise  s p e c t r a l  d e n s i t y  

R+(e )  =JF (1  + 2 p c o s  8 t p )  2 

0 

and 

(3)  

2. INCOHERENT PAM 

The f i r s t  modu la t ion  scheme considered i s  incoherent  PAM. I f  we assume t h a t  

t he  i n t e r f e r i n g  pu lse  completely over laps  the  i n f o r m a t i o n  pulse,  then t h e  

waveform a t  t h e  i n p u t  t o  the  r e c e i v e r  i s ,  f o r  a peak power l i m i t e d  s i g n a l ,  

2 2 2  
= ,,/F (cl + 2cl c2  p cos e + c2  p ) cos(wt  + 4 )  + n ( t >  

where c, and c2  a r e  each e i t h e r  0 o r  1. 
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This  rece ived s igna l  i s  demodulated us ing  the.maximum l i k e l i h o o d  es t ima te  [l] 

t o  o b t a i n  

E[c12 + 2c 1 2  c p cos 8 + c2‘ p2] cos @ + n 1 ’  

and 

y = 1 r ( t )  \i+ s i n  ut d t  

0 

- - -  E C ~ , ~  + 2 c,c2 p cos e + c2’ p21 s i n  + n2 

where nl and n2 a r e  independent zero mean gaussian random v a r i a b l e s  w i t h  

var iance N0/2 so t h a t  (see Ref. 2 ,  p. 354 Eq. (93)  ) 

, 

Using the  change o f  v a r i a b l e s  

I -- 
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and t h e  f a c t  t h a t  8 i s  u n i f o r m l y  d i s t r i b u t e d  then we o b t a i n  

p211 
- - I v 2  i- '"1 c1 i- 2c1c2 p cos 8 i- c2 1 2 1 

4T NO P ( V , Y , ~ )  = 7 v e 2 

p(v1p) i s  ob ta ined f rom (8) s imp ly  by i n t e g r a t i n g  f rom - 7 ~  t o  T on y and 0 .  

The optimum r e c e i v e r  i s  determined from t h e  l i k e l i h o o d  r a t i o  

where H o  i s  t h e  hypothes is  of a space (cl = 0)  and H1 i s  t h e  hypothes is  o f  

a mark (cl = 1 ) .  Each hypothes is  i s  e q u a l l y  l i k e l y .  The l i k e l i h o o d  r a t i o  

i s  t h e r e f o r e  

7 

C 

-$ 
p20 i- e Io (v&)% 

(9 )  

where Rt(8) has been d e f i n e d  i n  ( 3 ) ,  Pz0 i s  t he  probab l i t y  t h a t  c2=0, and PZ1= 

To determine t h e  optimum t h r e s h o l d  l e v e l  f o r  v ,  we so lve  
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o r  e q u i v a l e n t l y  so l ve  f o r  t h e  r o o t s ,  vo, of t h e  equat ion  

E - -  
f ( v )  = e No 

-71 

2 E  
-P - 

- Pz0 - e NO Io ( VP$)PZ1 = 0 

i s  t h e r e f o r e  t h e  optimum t h r e s h o l d  l e v e l  f o r  t h e  r e c e i v e r  i n  an i n t e r -  v O  

ference environment. 

t o  the  s o l u t i o n  of (10) i s  (Schwartz, Bennett,  and S t e i n  [4] Eq. 7-4-14) 

When Pz0=1 (i .e. , PZ1=O) then an e x c e l l e n t  approx imat ion  

vo = d-- . 

When the re  i s  i n t e r f e r e n c e  (P2,#O) then  (11) no l o n g e r  approximates t h e  

optimum th resho ld  l e v e l  b u t  Pe i s  f a r  more s e n s i t i v e  t o  t h e  parameter p than 

t o  vo. 

It i s  use fu l  t o  i n t roduce  Marcum's Q f u n c t i o n  [5] def ined by t h e  equat ion  

B 
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. 

The Pe f o r  t h e  f o u r  poss ib le  cases a r e  determined as f o l l o w s :  

( i )  c1 = 0, c 2  = 0 

2 -v /2  pi(v) = v e 

03 c1 
L 

P = pi(v)dv = e -' 0 / *  = Q(O,vo) 
e , i  

vO 

( i i )  c1 = 1, c2 = 0 

'e, i i  = f pii(v)dv = 1 - Q (fi~ V o )  

0 

( i i i )  c1 = 0, c2 = 1 

and f i n a l l y  
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( 4  c1 = 1, c2  = 1 

-7T 

vo 7r 

=.I piv(v)dv =1 - - 27T I Q(R+(e),vo) de . 'e,iv 
0 -7T 

I n  the  case o f  DABS-like i n t e r f e r e n c e  due t o  m u l t i p a t h  o r  a second DABS i n t e r -  

roga to r ,  t h e  p r o b a b i l i t i e s  o f  each o f  t he  above cases i s  e q u a l l y  l i k e l y ,  so 
3 

For ATCRBS in te r fe rence,  we s h a l l  cons ider  a s l i g h t l y  d i f f e r e n t  q u a n t i t y ,  

T h i s  i s  j u s t  t h e  average o f  case namely, t h e  average Pe/garbled b i t ,  P eg - 
( i i i )  and case ( i v ) ,  

3. DPSK 

The kth rece ived waveform f o r  DPSK modulat ion,  assumllig complete ove r lap  o f  t h  

i n t e r f e r i n g  s igna l ,  i s  o f  t h e  form 

8 



where Ck = 0 o r  1.  

from (6a) and (6b) 

The maximum-l ikel ihood est imate demodulat ion [l] y i e l d s  

yk = - , / E ( 1  + 2 c k cosek + cc  p 2 )  s i n  

where nxk and n a re  independent zero mean gauss 
Yk 

k + nyk ’ 

an random v a r i a b l e s  w i t h  

var iance N0/2. 

i s  s imply t o  compare the angles o f  ( x ~ - ~ ,  yk-l ) and (Xk’yk) and i f  t h e i r  

d i f f e r e n c e  i s  l e s s  than  IT/^, decide t h a t  t h e  two t r a n s m i t t e d  phases, a k - l  and 

ak’ 

The optimum d e c i s i o n  c r i t e r i o n ,  as determined i n  Appendix A ,  

were the  same; otherwise, decide t h a t  “k - and “k d i f f e r  by IT rad ians.  

From a symmetry argument, i t  can be seen t h a t  t he  P e / b i t  can be c a l c u l a t e d  

from the  p a r t i c u l a r  case where akel = ak.  

must be considered: 

There a re  t h r e e  s i t u a t i o n s  which 

(i) C k - l  = Ck = 1 and Bk-1 = Bk 

( i i )  Ck-1 = Ck = 1 and Bk-1 # Bk 

( i i i )  c ~ - ~  = 0, ck = 1 o r  Ck-l = 1, Ck = 0. 

9 



We now o b t a i n  t h e  Pe f o r  each as f o l l o w s :  

Case ( i )  For t h i s  case, t h e  Pe i s  t h e  same as d e r i v e d  i n  A r thu rs  and Dym [2]  

o r  S t e i n  [3]  except t h a t  s i g n a l - t o - n o i s e  r a t i o  i s  rep laced by 

R+(8) and an averaging i s  taken w i t h  respec t  t o  8 (see F igu re  l ( a ) ) .  2 

Case ( i i )  I n  t h i s  case, t h e  d e r i v a t i o n  o f  Pe i s  somewhat compl ica ted  s ince  

we have Bk-, = 6 + IT. The p e r t i n e n t  f i g u r e  i s  F igu re  l ( b ) .  For a 

g iven va lue  o f  @k and ek, t h e  Pe i s  t h e  p r o b a b i l i t y  t h a t  t h e  p r o j e c t i o n  

of t he  a d d i t i v e  gaussian no ise  a long t h e  re fe rence  phase a x i s  i s  g r e a t e r  

than d (see F igure  l ( b ) ) ,  t h a t  i s ,  

k -  

co 2 - x / 2  

where 

k p s i n  8 
1 + p cos e k  

-1 $, = t a n  ’ 

and 

10 



2 1/2 
I , =  &[1+2pcos8+p 1 

d =  ~ [ 1 + 2 p c o ~ 8 + p ~ I ~ ~ ~ ~ o s ~  

( a )  case 1 

p s i n o  
*,=tan-’ l-pcorB 

(b) case 2 

Fig. 1 .  DPSK, signal wi th  energy 
2 

E, jamming w i th  energy p E. 

1 1  



Rather than trying to  simplify this equation, we can t u r n  t o  the resu l t s  

of Stein [3,4] where he derives the error  expression which corresponds t o  

where 

where the minus sign corresponds t o  a and the p l u s  to  b .  

the cosine 

We obtain for  

2 
R:(ek) + R f ( e k )  - 4P E/No 

2R+( e k R- ( e k cos($, + $ 2 ) = 9 

which yields 

The P (e r ro r / ek )  i s  independent o f  €Ik, so P e , i i  becomes 

which together with (25)  yields for  DABS-1 i ke interference 

12 



. Case ( i i i )  Since i t  i s  irrelevent which pulse i s  used for  the reference signal 

a n d  which for  the information s ignal ,  we can assume that  C k  = 0, and 

'k-1 = 1 .  For t h i s  s i tuat ion 

so t h a t  a and b become 

yielding 

13 



The optimum d e c i s i o n  c r i t e r i o n  de r i ved  i n  Appendix A i s  n o t  optimum f o r  ATCRBS 

in te r fe rence.  

pulse,  we always have Bk 

i s  t r u e  on ly  h a l f  t he  t ime  w h i l e  Bk - = pk - + 7~ i s  t r u e  the  o t h e r  h a l f .  

I n  the  case o f  two ad jacent  pu lses garb led  by a s i n g l e  ATCRBS 

= @k whereas f o r  t h e  s i t u a t i o n  i n  Appendix A, t h i s  

4. INCOHERENT FSK ~ 

T h i r d  and f i n a l l y ,  we cons ider  incoherent  FSK. We must d i f f e r e n t i a t e  between 

DABS-like i n t e r f e r e n c e  and ATCRBS i n t e r f e r e n c e ,  s ince  f o r  t he  former t h e  i n t e r -  

f e r i n g  s igna l  w i l l  be a t  one o f  t he  two p e r t i n e n t  FSK f requencies w h i l e  f o r  t h e  

l a t t e r  i t  w i l l  be a t  t h e  ATCRBS f requency. 

ference. The rece ived s i g n a l  i s  o f  t he  form 

We cons ider  f i r s t  DABS-like i n t e r -  

k = 1,2 ( 3 5 )  

where c = 0 on 1 depending on whether the  i n t e r f e r i n g  s igna l  i s  o f  f requency 

w2 o r  wl. The 

maximum l i k e l i h o o d  es t imate  demodulator [l] y i e l d s  f rom (6a) and (66) 

We may assume f o r  purposes o f  c a l c u l a t i n g  the  Pe t h a t  k = 1. 

x1 = $(I + 2 c p cos 0 + c 2 2  p cos $l + nxl 

14 



I - *  

I - -  

and 

where i t  has been assumed t h a t  q and y2 are  chosen so t h a t  no c r o s s t a l k  e x i s t s  

and t h a t  nxk and n 

var iance N0/2. I f  we l e t  

a re  independent zero mean gaussian random va r iab les  w i t h  
Yk 

k' and 

then the  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  vk i s  (see A r thu rs  and Dym [2], 

p. 356) 

/ r 

and 

, (39) 

where 8 i s  un i fo rm ly  d i s t r i b u t e d .  The j o i n t  d e n s i t y  f u n c t i o n  o f  v1 and v2, 

g iven  hypothesis H 1 ,  t h a t  f requency w1 was t ransmi t ted ,  i s  

15 



- ;iv; + 
x v2 e 

The j o i n t  dens 

t h a t  v1 and v2 

t y  f u n c t i o n  o f  v1 and v i y  g iven H2, i s  i d e n t i c a l  t o  (40) except  

a r e  in te rchanged and c i s  rep laced by 1 - c.  

The optimum d e c i s i o n  c r i t e r i o n  i s  determined from t h e  l i k e l i h o o d  r a t  

which, f o r  t h e  case where t h e  two values o f  c a r e  e q u a l l y  p robab ly ,  i s  

2E -p- COS 0 2 E  
-P - 

+ e  1 27f /- -n lIo(a ,,/-))e 

16 



8 -  

i 
I .  

then, A ( p )  can be expressed i n  terms o f  F ( v l ,  v2)  by 

C l e a r l y  f o r  v2 = v1 , we have 

A ( p )  = 1 .  

Since I ( x )  i s  monotonic i n c r e a s i n g  i n  x, then w i t h  p s l,we have for 

t h a t  A ( p )  > 1 and f o r  v2  < v, t h a t  A (p )  < 1 so t h a t  

0 

v2 > v1 

v2 > v1 choose hypothes is  H2 

v . < v choose hypothes is  H1 2 1  

i s  t he  optimum r e c e i v e r  f o r  e q u a l l y  l i k e l y  hypothesis.  

The Pe i s  c a l c u l a t e d  from 

00 

Using (40) ,  we have two cases 

17 
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Case (i), c = 1 

P =  e, i  

co Tr ’ [  2 + - ( 1  2 E  
NO - 7 v1 

0 -7 

03 

I v 2  
v1 

T r m  

- -‘I[ v 
2Tr  
’ -Tr 0 

2 
v 2  -- 

A 

e L d v2 d v1 

2 2E ’ [  +-( 
NO - 7 v1 e 

1 [u2 + %( 
NO 

- -  T r m  

= -J 1 k J u  e 2 2rr 

2 
2 - v1 

+ 2 P  c o s 8  + P  I] 
1 0 ( v l q  x(i No + z p COS e + p2) )e  Tdv,de 

18 



* 

.Case ( i i ) ,  c = 0 

From Appendix A o f  Schwartz, Bennett,  and S te in ,  [4] we have t h e  r e s u l t  t h a t  

(46) i s  equ iva len t  t o  

I 
I 

The Pe f o r  DABS-like i n t e r f e r e n c e  i s  t he re fo re ,  

As mentioned above, ATCRBS i n t e r f e r e n c e  i s  d i f f e r e n t  f rom the  DABS-like i n t e r -  

ference ma in l y  because i t  occurs a t  f requenc ies  o t h e r  than W, and w2. I n  t h i s  

case, t he  rece ived waveform i s  of  t h e  form, assuming frequency w i s  t ransmi t ted ,  
1 

19 



where w i s  the  frequency o f  t h e  i n t e r f e r i n g  s i g n a l .  

o f  (6a) and (6b) 

Demodulating by means 

we o b t a i n  

. 

x1 = fi cos ~1 + pfi(cl cos 6 - dl s i n  6) + n x l  ’ 

Y l  ’ 
= -fi s i n  ~1 - pfi(cl s i n  6 + dl cos 6) + n Y1 

and 

x2 = p f i ( c 2  cos B - d2 s i n  6) + nx2,  

y2 = -p$? ( c 2  s i n  f3 + d2 cos B)  + ny2, 

where 

and nxky  n 

var iance N0/2. 

are independent zero mean gaussian random va r iab les  w i t h  
Yk 

The j o i n t  p r o b a b i l i t y  o f  x1 and y1 g iven i s  

20 



~ 

- A[x; + y: - 2pfi(xla - ylb) + E ( l  + p2 €1 I] 

where 

a = c cos 6 - dl s i n  6 ,  1 

b = c, s i n  B + dl cos B ,  

and 

These equat ions a r e  very c;mbersome, so we s h a l l  s i m p l i f y  by assuming the  term 

i s  n e g l i g i b l e  r e l a t i v e  t o  t h e  term 

x i  + y: + p2 E cl 

21 



and drop the former i n  t h e  Io term. We,therefore, o b t a i n  

1 - 2pf i (x1a  - y l b )  + EL1 + p2 q]) 
1 - KIXl + y1 

Since 6 i s  uniformly d i s t r i b u t e d ,  we further ob ta in  ' 

1 

1 

Now, we l e t  

s u b s t i t u t e  f o r  x1 and y1 i n  (57) ,  and integrate o u t  y1 
r 1 

22 



3 

. 

S i m i l a r l y ,  t h e  d e n s i t y  o f  v2 i s  de r i ved  

The p r o b a b i l i t y  o f  e r r o r ,  peYiii, i s  

5. P e / b i t  vs E/NO 

I n  t h e  case o f  DABS-like i n t e r f e r e n c e ,  Pe/bSt has been c a l c u l a t e d  for a range 

of E/NO f o r  each o f  t h e  modu la t ion  schemes. Two values for  t h e  PAM parameter, 

i n  (21) have been used. One o f  t he  values i s  s imple vO 
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1 and t h e  o the r  i s  t he  optimum vo ob ta ined by s o l v i n g  (10) w i th  P20=P21=z . 
The r e s u l t s  a re  presented i n  F igu re  2. 

and ~ 0 . 2 .  

Two va lues o f  P a r e  used, namely p= 0 

It i s  seen t h a t  PAM i s  a f f e c t e d  t o  a s i g n i f i c a n t l y  g r e a t e r  degree 

than the  o the r  two modulat ion techniques.  

n o t  s i g n i f i c a n t l y  improve the  r e s u l t s  ob ta ined us ing  

Using t h e  optimum va lue  f o r ,  vo does 

F igures 3 and 4 show curves o f  P e / b i t  vs P w i t h  E/NO = 16 dB and 24.77 dB, 

r e s p e c t i v e l y ,  f o r  a l l  t h ree  modulat ion schemes. 

vs P necessary t o  achieve a Pe o f  

the PAM curve and the  o t h e r  two curves.  

values o f  E/NO. 

s i g n i f i c a n t ,  then the re  i s  a d i s t i n c t  advantage o f  DPSK o r  FSK t o  PAM. 

I n  F igu re  5 i s  p l o t t e d  E/NO 

We note  t h a t  t h e r e  i s  a gap between 

Th is  gap p e r s i s t s  f o r  d i f f e r e n t  

I f  t h e  p r o b a b i l i t y  o f  P be ing  i n  t h e  range o f  t h e  gap i s  

6. CONCLUSIONS 

In t he  above r e s u l t s ,  t he  maximum-1 i ke l  i hood e s t i m a t i o n  demodulator [ l ]  and 

optimum dec is ion  c r i t e r i o n  i n  an i n t e r f e r e n c e  environment has been used. A 

comparison o f  the  modulat ion techniques shows t h e  optimum PAM scheme t o  be 

s i g n i f i c a n t l y  more vu lnerab le  t o  i n t e r f e r e n c e  than the  o t h e r  two skhemes. 

However, PAM cannot be summarily d ismissed because o f  t h e  many o t h e r  aspects 

o f  t h e  DABS 1 i n k  c h a r a c t e r i s t i c s .  The f i x e d  t h r e s h o l d  PAM-demodulators u s u a l l y  

re fe r red  t o  w i t h  re fe rence t o  low cos t ,  e x h i b i t  approx imate ly  8 dB poorer  
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Fig. 2. P vs E/N for p = 0.0 and p = 0.2. e 0 
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Fig. 5. Signal-to-noise ratio, E/NO, necessary to maintain P e = 10 vs p. 
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signal -to-noise ra t io  performance 

FSK u t i l i ze s  more bandwidth per b 

I 

are  not easily implemented. 

DPSK clearly has a performance 

theoretical p o i n t  of view b u t  

be i mpl emen ted . 

t h a n  the optimum receiver analyzed here. 

t than e i ther  PAM o r  DPSK, and transmitters 

advantage over both PAM and FSK from a 

t remains to  be seen how economically i t  can 

The Pe/bit expressions developed here can now be used to  determine Pe/message- 

block i n  ATCRBS or DABS interference. 

message length, and interference model. 

a Pe/block can be determined. 

Assumptions must be made as to  b i t  r a te ,  

For each s e t  o f  assumed conditions, 
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The deta  

We begin 

APPENDIX A 

THE OPTIMUM DPSK RECEIVER 

1s o f  de termin ing  t h e  optimum DPSK r e c e i v e r  a r e  presented here. 

w i t h  t h e  j o i n t  d e n s i t y  o f  vi and $., g i v e n  by A & D, Eq. 74, p. 351 
.1 

1 vi - - 2 {vi2 - 2vi R+ ( e )  cos $i + R+2 ( e ) >  
p ( ~ ~  ,vi j p y e )  = e # 

We have two e q u a l l y  probable s i t u a t i o n s  f o r  m u l t i p a t h  r e f l e c t i o n  i n t e r f e r e n c e .  

In t h e  f i r s t ,  t h e  phase r e l a t i o n s h i p  between t h e  two r e f l e c t e d  pu lses  i s  t h e  

same as the  r e l a t i o n s h i p  between t h e  two i n f o r m a t i o n  pu lses  and i n  the  second, 

they  d i f f e r  by TT rad ians .  There fore  we have 

D e f i n i n g  A as 
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we obtain 

and similarly we obtain 

The likelihood ratio fl (A, v l Y  v Z y  p )  is 

-. 
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where in the denominator we have used the following: 

sin(a+T) sin$ = sina s in(-$)  

and replaced -$ by $l .  

We see t h a t  when -r/2 < A < T T / Z  then cos A i s  greater than zero and 

cos (A+T)  less than zero so fl < 1 while for  A > r/2 or A < -r/Zjcos A < 1 and 

cos ( a h )  > 1 so t h a t  A > 1 independent of v1 , v 2 ,  R, and R - . 

In the case of ATCRBS interference where only a single pulse i s  interfered 

w i t h ,  we have 
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c 

* 

c 

and becomes 

-T -7T 

T r T r  - $R+ 1 2  (0)-2vlR+(0)cos$,l [ - $~Zv2f~cos(A+rr)cos+l-sinA 
J l e  de e 

-Tr -7T 

The receiver is the same as before. 
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